Abstract. Let K be a field of characteristic different from 2, and let f (x) be a sextic polynomial irreducible over K with no repeated roots, whose Galois group is A 5 . If the Jacobian of the hyperelliptic curve y 2 = f (x) admits real multiplication over the ground field from an order of a real quadratic number field, then either its endomorphism algebra is this quadratic field or the Jacobian is supersingular.
Statement of Results
Let K be a field and K a an algebraic closure of K. Let f (x) ∈ K[x] be an irreducible polynomial of degree n = 6 with no repeated roots. Denote by R f ⊂ K a the set of roots of f and by K(R f ) the extension of K generated by the elements of R f , that is the splitting field of f over K. We write Gal(f /K) for the Galois group of K(R f )/K, or simply Gal(f ) when no confusion over the ground field arises. This group acts on the elements of R f by permutations, and it is well-known that this action is transitive if and only if f is irreducible over K.
Consider the non-singular projective hyperelliptic curve given by an affine equation C f : y 2 = f (x) defined over K. Let J(C f ) be its Jacobian, End(J(C f )) the ring of K a -endomorphisms of J(C f ), and End K (J(C f )) the ring of K-endomorphisms of J(C f ). For every algebraic curve C, the ring End(J(C)) contains the multiplications by integers, that is Z ⊂ End(J(C)). Examples with the exact equality End(J(C)) = Z are harder to find (see [5, 6, 7] ). In [17, 20, 21] , Y. Zarhin proves that if Gal(f ) is isomorphic to either A n or S n , then this equality holds for the curve C f , or char(K) = 3, n = 5 or 6, and J(C f ) is a supersingular abelian variety. In [19] he proves that if the roots R f of a polynomial f can be identified with P m−1 (F q ) for some odd prime power q and integer m > 2, and Gal(f ) contains PSL m (F q ) as a subgroup, then End(J(C f )) = Z or J(C f ) is a supersingular abelian variety. (This statement is not necessarily true for m = 2, and this paper will provide some counterexamples.)
Similarly, examples of hyperelliptic curves C f with End(J(C f )) containing an order of a real quadratic field (accepting real multiplication) are known (see [15] ). The purpose of this paper is to provide a tool for constructing a plenty of explicit examples of hyperelliptic curves C f for which End(J(C f )) is isomorphic to an order of a real quadratic field Q( √ d), where d will always be assumed to be a positive square-free integer. We restrict our attention to polynomials of degree n = 6 for which curves C f have genus g = 2. Notation δ(O) will be used for the discriminant of an order O of a number field over Q. Namely, we will prove the following statement. This theorem is a modification of the results in [17, 20] and its proof will be given in Section 3. Examples of outcome (i) will be given in Section 7. We refer the reader to [10, 16] where an explicit procedure to determine whether J(C f ) is supersingular is described. Remark 1.2. Note that outcome (i) implies End(J(C f )) = End K (J(C f )) (see [13] , pg. 501). Remark 1.4. Since f is irreducible over K, the action of Gal(f ) on the set R f of roots of f is transitive. One can identify the six roots of a polynomial f satisfying the conditions of the above theorem with the elements of P 1 (F 5 ) in such a way that the action of Gal(f ) ∼ = A 5 on the set R f becomes the action of PSL 2 (F 5 ) ∼ = A 5 on P 1 (F 5 ). Note that this action is doubly transitive.
When working with J(C f ) 2 , the kernel of multiplication by 2 in J(C f ), it is known that Gal(f ) can be embedded in Aut F2 (J(C f ) 2 ) for irreducible separable polynomials f of degree n ≥ 5. In proving Theorem 1.1 we will use the following statement:
be an irreducible separable polynomials of degree n = 6 with Gal(f )
Then End Gal(f ) (J(C) 2 ) ∼ = F 4 and one of the following F 2 -algebra isomorphisms holds:
It will be proven in Section 6. As a corollary of the proof we will get
be an irreducible separable polynomial of degree n = 6 with Gal(f ) ∼ = A 5 . Then the rank of End K (J(C)) over Z does not exceed 2.
The following statement will be used in order to show that examples we produce in Section 7 are pairwise non-isogenous. The proof will be given in Section 6. Theorem 1.7. Let K be a field of characteristic 0, f (x), h(x) ∈ K(x) irreducible separable polynomials over K of degree n = 6 each, such that K(R f ) and K(R h ) are linearly disjoint extensions of K. Assume that J(C f ) and J(C h ) satisfy the conditions of Theorem 1.1, and their rings of K-endomorphisms have discriminants congruent to 5 modulo 8. Then
Preliminaries: Albert's Classification
The proof of Theorem 1.1 relies on the classification of Q-dimensions of endomorphism algebras of abelian surfaces. We start by considering these dimensions for simple abelian surfaces and curves. What follows is a reproduction of the presentation in [11] . Definition 2.1. An Albert algebra D is a finite-dimensional Q-algebra which admits a positive definite anti-involution. It is customary to use the following notation: L is the center of D, L 0 = {a ∈ L | a = a * } is the set of element of L stable under * . We also write Proposition 6.1 in [11] states that the endomorphism algebra End 0 (X) of a simple abelian variety X of dimension 2 can only be an Albert division algebra of the one of the following types: I(1), I(2), II(1), or IV(2, 1). This means that dim Q (End 0 (X)) = 1, 2, or 4.
If X has dimension 1, that is in the case of X being an elliptic curve, the endomorphism algebra is well known [14] . For characteristic 0, it is either Q or a real quadratic extension of Q. This implies that dim Q (End 0 (X)) = 1 or 2. For positive characteristic, it is a real quadratic extension of Q or a quaternion algebra over Q. These correspond to dim Q (End 0 (X)) = 2 or 4. For abelian varieties that are not simple, we use the following theorem. 
An abelian variety X of dimension 2 falls into one of the following categories.
(1) It is simple. In this case, as mentioned above, dim Q (End 0 (X)) = 1, 2, or 4. (2) It is isogenous to a product of two non-isogenous elliptic curves, say E 1 and
and so dim Q (End 0 (X)) = 2, 3, or 4 in characteristic 0, and 4 or 6 in positive characteristic. It cannot be 8, because if it were, X would be isogenous to a product of two supersingular elliptic curves, which are isogenous among themselves for a fixed algebraically closed base field of positive characteristic. ( 3) It is isogenous to a square of an elliptic curve, say E. In that case,
and thus dim Q (End 0 (X)) = 4 or 8 in characteristic 0, and 8 or 16 in positive characteristic. Note that if dim Q (End 0 (X)) = 16, then X is a supersingular abelian variety.
Proof of the Main Result
Before we begin, let us prove the following useful statement, which explains why the discriminants of orders considered in this paper have to belong to a certain congruence class. 
and c is a positive integer called the conductor of Q. The field F 4 is the splitting field of X 2 + X + 1 over F 2 and of no other polynomial of degree 2. Therefore Z[cω] ⊗ Z/2Z ∼ = F 4 if and only if the minimal polynomial of cω is congruent to X 2 + X + 1 modulo 2. Let us now consider the possible discriminants of the order Q on a case-by-case basis.
If d ≡ 2 or 3 mod 4, the minimal polynomial of Proof of Theorem 1.1. Let C = C f be the hyperelliptic curve in Theorem 1.1, that is a hyperelliptic curve over K defined by the equation
is an irreducible polynomial of degree 6 with no repeated roots such that Gal(f ) ∼ = A 5 . Assume that the ring of the endomorphisms of J(C) defined over K contains a subring isomorphic to an order O of a real quadratic field.
Let us apply Theorem 1.5 to the obviously Gal(f )-invariant algebra
The algebra End K (J(C))⊗Z/2Z of dimension at least 2 over F 2 is a subalgebra of
Let us consider the possible options for R = End(J(C)) ⊗ Z/2Z provided by Theorem 1.5. First, note that the rank of the free Z-module End(J(C)) is equal to the F 2 -dimension of algebra End(J(C)) ⊗ Z/2Z.
From this it follows that the case of End(J(C)) ⊗ Z/2Z ∼ = F 2 cannot happen, since the rank of End(J(C)), which contains O, is at least 2.
If End(J(C)) ⊗ Z/2Z ∼ = F 4 then the free Z-module End(J(C)) has rank 2. In this case, the ring End(J(C)) is an order in the real quadratic field End
Note that even though End 0 (J(C)) has dimension 2 over Q, it is not a direct sum of two copies of Q, so J(C) is not isogenous to a product of two nonisogenous elliptic curves. Therefore, J(C) is a simple abelian variety.
If
2 , and therefore the semisimple Q-algebra End 0 (J(C)) has dimension (2g) 2 . This means that char(K) > 0 and J(C) is a supersingular abelian variety (see [17] ).
In order to eliminate this case, let us consider the three cases delineated in Section 2.
(1) If J(C) is simple then dim Q (End 0 (J(C))) cannot be equal to 8. (2) If J(C) is isogenous to a product of two non-isogenous elliptic curves, then dim Q (End 0 (J(C))) = 8. (3) If J(C) is isogenous to a square of an elliptic curve, say E, then
and for this dimension over Q to be 8, we must have dim Q (End 0 (E)) = 2. This means that End 0 (J(C)) is a matrix algebra of size 2 over an imaginary quadratic extension L = End 0 (E) of Q. The order P = L ∩ End(J(C)) of the center L of the matrix algebra End 0 (J(C)) has the property that P ⊗ Z/2Z ⊂ End F2 (J(C) 2 ) is invariant under the adjoint action of the group Gal(f ).
We know that the order O has the same property. Note that the subalgebra M = O ⊗ Q of End 0 (J(C)) is isomorphic to a real quadratic extension of Q, and therefore it does not coincide with the algebra L to which it is not isomorphic. Hence the compositum N of L and M has dimension 4 over Q.
Let Q = N ∩ End(J(C)). The ring Q is an order of N and therefore has rank 4 over Z. The algebra Q ⊗ Z/2Z is also Gal(f )-stable, contains O⊗Z/2Z, and therefore satisfies all of the conditions of Theorem 1.5. Hence it must fit one of the three possible choices prescribed by this theorem. However its F 2 -dimension is 4, while the dimensions of spaces in Theorem 1.5 are 2, 8, and 32. We arrive at a contradiction.
Preliminaries: Permutation Groups and Permutation Modules
First, let us define the heart of a representation. Good explanations of this subject can be found in [8, 12] . Let B be a set of n elements and denote by Perm(B) the set of permutations on B. Then Perm(B) ∼ = S n . Let G be a subgroup of Perm(B). Let F be a field. Denote by F B the n-dimensional F-vector space of maps from B to F. The action of Perm(B) on B extends to an action of Perm(B) to F B as follows: an element σ ∈ Perm(B) sends a map f :
This inner product is preserved under the action of Perm(B). The same is true for any subgroup G of Perm(B). The group G clearly leaves invariant the subspace of constant functions F · 1 B . It then has to preserve the subspace (
We define the heart over F of G acting on B as the G-module
Let us restrict our attention to the case when char(F) = 2 and n is even. Then
When F = F 2 we will write Q B instead of (F B 2 ) 00 . In this case, Q B can also be described as the set of equivalence classes of subsets of B of even cardinality with symmetric difference as sum where subsets complementary in B are identified.
and an F 4 -algebra isomorphism
Proof. The first statement is obvious and the second immediately follows from Lemma 10.37 of [3] .
Preliminaries: Points of Order 2 on Hyperelliptic Jacobians
Good explanations of the structure of J(C) 2 can be found in [9] (see also [18] ). For clarity of presentation, we reproduce this information for the case when deg(f ) is even.
Let C be a hyperelliptic curve over K defined by
where f (x) is an irreducible separable polynomial of even degree. The rational function x ∈ K(C) defines a double cover π : C → P 1 (K a ). Let B ⊂ C(K a ) be the set of ramification points of π. Then the restriction of π to B is an injective map π : B → P 1 (K a ), whose image is the set R f of roots of f . Obviously
and π defines a bijection between B and R f . This bijection allows us to extend the action of Gal(f ) on R f to its action on B. Since Gal(f ) acts on the roots of f by permutation, we can assume that Gal(f ) ⊂ Perm(B). This defines a representation G → Aut F2 (Q B ). This action is faithful, since its kernel is trivial. Indeed, for every non-trivial permutation σ of elements of B, we can find an element b ∈ B such that σb = b and a two-element subset T of B which contains b, but not σb. Then T is not mapped to itself and is not mapped to its complement, which will have more than two elements. Thus we can assume that
It is in this way that we extend the action of Gal(f ) on B to an action of Gal(f ) on Q B making it into a faithful Gal(f )-module. We again interpret this as
Through the canonical epimorphism Gal(K) ։ Gal(f ) the group Q B acquires the structure of a Gal(K)-module.
On the other hand, one can consider subsets T of B of even cardinality. Then the divisor e T = P ∈T P − #(T ) · ∞ on C has degree 0 and 2e T is principal. If T 1 , T 2 are two subsets of even cardinality in B then the divisors e T1 and e T2 are linearly equivalent if and only if T 1 = T 2 or T 2 = B\T 1 . By a counting argument it is clear that there are no other divisor classes in J(C) of order 2 besides the e T 's described above, and so all of the elements of J(C) 2 are of this form. It is also clear that, up to notation, the structures of Q B and J(C) 2 are identical. The resulting canonical group isomorphism
is also a Gal(f )-module and Gal(K)-module isomorphism.
6. Proof of the Auxiliary Theorem and Corollary 1.7
Let B be a set of cardinality n = 6, and let group A ∼ = PSL 2 (F 5 ) be a doubly transitive permutation group on B. Then the F 2 -module Q B is isomorphic to F
The action of A on B extends to an action of A on Q B , which gives us a faithful representation A ֒→ Aut F2 (Q B ).
Lemma 6.1. Q B is a simple A-module.
Proof. See Table 1 in [8] .
Lemma 6.2. As an F 2 -algebra,
Proof. Since the representation A → Aut F2 (Q B ) is irreducible, by Schur's Lemma End A (Q B ) is a division algebra. Since it is finite, it must be a field. Denote it by F.
On the other hand, according to Table 1 If F ∼ = F 16 then Q B is a 1-dimensional F-vector space, and so End F (Q B ) = F. Since F = End A (Q B ), we have A ⊂ Aut F (Q B ) as a subgroup, which is a contradiction. Indeed, the group Aut F (Q B ) = F × is abelian, while A ∼ = A 5 is not.
In light of the fact that End
this lemma can be restated as
and since End K (J(C)) ⊗ Z/2Z injectively embeds in End Gal(K) (J(C) 2 ) we get Theorem 1.6.
From Lemmas 6.1 and 6.2, and Theorem 3.43 of [3] (pg. 54) follows:
Now, Theorem 1.5 can be restated as follows to include the description of J(C) 2 given in the previous section.
Theorem 6.4. Let B be a finite set of cardinality n = 6, and let A ⊂ Perm(B) ⊂ Aut F2 (Q B ) be a group isomorphic to A 5 which acts doubly transitively on B. Let R be a subalgebra of End F2 (Q B ) containing the identity automorphism Id of Q B such that
Then we have one of the following cases:
Proof. Since Q B is a faithful R-module, we have
Lemma 6.5. Q B is a semisimple R-module.
Proof. See the proof of Step 1 of Theorem 5.3 in [17] .
Lemma 6.6. The R-module Q B is isotypic.
Proof. The proof is a modification of [17] . Let
be an isotypic decomposition of the semisimple R-module Q B . Looking at the dimensions yields r ≤ dim F2 (Q B ) = 4. By repeating the argument in the proof of the previous claim, we can show that for each isotypic component V i its image sV i is an isotypic R-submodule for each s ∈ A and therefore is contained in some V j . Similarly, s −1 V j is an isotypic submodule containing V i . Since V i is the isotypic component, s −1 V j = V i . This means that s permutes the V i , and, since Q B is Asimple, A permutes them transitively. This gives a homomorphism A → S r which must be injective or trivial, since A is simple. However A ∼ = A 5 and r ≤ 4, so it is trivial. This means that sV i = V i for all s ∈ A and Q B = V i is isotypic.
From this lemma it follows that there exists a simple R-module W and a positive integer d such that
Since W is simple, k is a finite division algebra of characteristic 2. Hence k is a finite field of characteristic 2, and
We have End R (Q B ) ⊂ End F2 (Q B ) is invariant under the adjoint action of A, since R is invariant under adjoint action of A. This induces a homomorphism
Since k is the center of Mat d (k), it is invariant under the action of A, that is we get a homomorphism A → Aut(k), which must be trivial, since A is a simple group and Aut(k) is abelian. This implies that the center k of End R (Q B ) commutes with A and must be a subalgebra of End A (Q B ). Since End A (Q B ) ∼ = F 4 as an F 2 -algebra, we have k = F 2 or F 4 . It follows from the Jacobson density theorem (combined with dimension arguments) that R ∼ = Mat m (k) with dm = 4 if k = F 2 and 2dm = 4 if k = F 4 . We have the following possibilities:
This case satisfies the requirements of the theorem.
(ii) R ∼ = Mat 2 (F 2 ). In this case we have an action of A on Mat 2 (F 2 ), that is a homomorphism
where the equality follows from the Skolem-Noether theorem. This homomorphism must be trivial, since A is simple and GL 2 (F 2 ) is solvable. Therefore, R commutes with A and is a subalgebra of End A (Q B ) ∼ = F 4 . This is a contradiction and this case cannot happen. Proof of Theorem 1.7. We prove this theorem by contradiction. Let X = J(C f ) and Y = J(C h ) be abelian varieties in question and assume there exists a nonzero homomorphism φ ∈ Hom(X, Y ). Then φ is an isogeny. Indeed, the connected component of the kernel of φ containing zero is an abelian subvariety of X and so is the image of X under φ. Since both X and Y are simple and φ is not identically zero, the kernel is finite and the image is the whole of Y .
We can also assume that X 2 ⊆ ker φ. If that is not the case, then φ is a composition of multiplication by 2 on X and another isogeny from X → Y which we can choose instead, continuing process until the chosen isogeny no longer annihilates X 2 .
If A and B are any abelian varieties defined over K, then for every ψ ∈ Hom(A, B) and σ ∈ Gal(K) we can define a homomorphism
In our case, define c :
It is easy to show that c satisfies the cocycle condition c στ = c σ σ c τ . In addition, we have End 0 (X) = End 0 K (X), so σ c τ = c τ and c is a homomorphism. There exists a finite normal extension K φ of K such that φ is defined over K φ . Since we are in characteristic 0, K φ is also separable and Galois over K, so there exists a homomorphism c ′ : Gal(K φ /K) → End 0 (X) × such that c is a composition of the canonical homomorphism Gal(K) ։ Gal(K φ /K) and c ′ . Since Gal(K φ /K) is finite its image under c ′ , which coincides with the image of Gal(K) under c, in End 0 (X) × is also finite. Therefore, this image is either {1} or {±1}.
If c(Gal(K)) = c ′ (Gal(K φ /K)) = {±1}, let H = ker(c ′ ) and let K ′ be the subfield of elements of K φ that are fixed by H. Then K ′ is a Galois extension of K with Gal(
Moreover, since the Galois groups of f and h are simple and Gal(K ′ /K) ∼ = Z/2Z is cyclic, polynomials f and h will be irreducible over K ′ , their Galois groups over K ′ will still be isomorphic to A 5 , and they will still satisfy the conditions of Theorem 1.7. Without loss of generality, we can choose to work with K ′ instead of K, which reduces the theorem to the next case. If c(Gal(K)) = {1} then φ is defined over K and commutes with the action of Gal(K) on X and Y . This remains true if we restrict our attention to points of order dividing 2: the homomorphism ϕ = φ| X2 : X 2 → Y 2 commutes with the action of Gal(K) on X 2 and Y 2 . The kernel of ϕ is a Gal(K)-stable submodule of X 2 . Since X 2 is a simple Gal(K)-module, the map ϕ is either zero or is a Gal(K)-isomorphism. It cannot be zero by the choice of φ. We claim that it cannot be an isomorphism either.
Let L = K(R f ∪ R h ) be the compositum of the splitting fields of f and h. If
The compositions of the canonical epimorphism Gal(K) ։ Gal(L/K) with the projection maps of this product give canonical maps Gal(K) ։ Gal(f ) and Gal(K) ։ Gal(f ). This induces an action of Gal(L/K) on X 2 and Y 2 . If ϕ is a Gal(K)-isomorphism then composition of that action of Gal(K) on X 2 and ϕ induces an action of Gal(K) on Y 2 which will coincide with the action of Gal(K) on Y 2 . This means that Gal(f ) acts nontrivially on Y 2 . On the other hand, the image of Gal(f ) under projection from Gal(L/K) onto Gal(h) is trivial. We reach a contradiction.
Examples
In this section we produce examples of hyperelliptic curves defined over Q with real quadratic number fields as endomorphism rings of their Jacobians. For clarity, we use capital latin letters B, C, D, T for indeterminates over a field K and lowercase letters b, c, d, t for their specializations in K.
The following corollary of Theorem 1.1 will be used to obtain these examples.
be an irreducible separable polynomial of degree n = 6 in x parametrized by a variable T transcendental over K. Define a hyperelliptic curve C T over K(T ) by
Let J(C T ) be its Jacobian and
) is isomorphic to an order of a real quadratic number field, and (iii) for some value t ∈ K of T the polynomial f t is irreducible over K and
is also isomorphic to an order of of the same real quadratic number field with δ(End(J(C t ))) ≡ 5 mod 8.
Proof. Assume that all of the conditions of Corollary 7.1 are satisfied for specialization of T to t ∈ K. The action of Gal(f T /K(T )) on R T extends to an action of Gal(f T /K(T )) on R t . The action can be factored through Gal(f t /K), and since Gal(f T /K(T )) ∼ = Gal(f t /K) the Gal(f T /K(T ))-sets R T and R t are also isomorphic. We also have End K(T ) (J(C T )) ⊂ End K (J(C t )). The conclusion of the corollary follows from Theorem 1.1.
For brevity, we adopt notation of [15] and denote (−1 + √ 5)/2 by η. In [4] , K. Hashimoto gives the following form of Brumer's 3-parameter family of curves:
For indeterminates B, C, D over Q, the algebra of endomorphisms of its Jacobian 
which forces every intermediate Galois group to be isomorphic to A 5 . By applying Corollary 7.1 to the consecutive specializations we obtain that every one of them has the maximal order of the quadratic field Q( √ 5) for the endomorphism rings. By picking appropriate values b, c, d we can give examples to Corollary 7.1. As an example, we work through one of the curves given in the table. The others can be treated in a similar manner. C :
The splitting field of f is an A 5 -extension of Q with discriminant 678976 = 2 6 ·103 2 . By the above argument, we have End(J(C)) ∼ = Z[η]. By allowing one of the above variables to vary, say d = T , while fixing the other two, we can get a hyperelliptic curve
by the above argument. The endomorphism ring of its Jacobian is also the maximal order in Q( √ 5).
Non-isogenuity of the Jacobians of curves listed in Table 1 can be deduced from pairwise coprimality of the discriminants of the splitting fields of polynomials that define them. By Hilbert's irreducibility theorem, there are infinitely many rational t such that Gal(f t /Q) ∼ = A 5 . Moreover, infinitely many of these extensions are pairwise linearly disjoint over Q. It follows from Theorem 1.7 that there is an infinite number of pairwise non-isogenous hyperelliptic Jacobians of dimension 2 with Z[η] as their endomorphism ring.
For each of the curves in the following table, the polynomial f is irreducible, and the splitting field of f over Q is an A 5 -extension. Note that the specialization b = 1, c = 1, d = 2 is the original example given in Brumer's paper [2] . This table was obtained by using PARI-GP number-theoretic package from a search for integer values −5 ≤ b, c, d ≤ 5, while making sure that all discriminants are pairwise relatively prime. By extending the range of the search, one can get a lot more examples. Table 1 . Some curves with Z[η] as endomorphism ring of their Jacobians 
